E3. Peirce relatiens

The Pzirce relations are Lhe ksy to the structure of
alternative algebras, Two Peirce spaves multiply just as in
the associalive case except thalk the product Aiﬁgij need not
be zero for ifj. There are a host of Peirce Asscciativity
Relations measuring the non-associativity of Peirce spaces,
leading to useful crilberia in terms of the Feirce spacas for

assoclativily, nuclearity, or triviality in the whole algsbra,

The way TPeirece spaces multiply in alternative algebras ic

more complicated than it was in associative zlgebras.

3.1 (Feirce Orthegonality Relations) The Peirce subspaces
relative to idempotents S - multiply according to

:he rules

(3.2)  A;q A C Ay,

$4
(2-laws) (33 nij By = 0 iff J # k unless i =k, § = &
2
3.4 ¥ R T L L =
(3.4) Hij Aljﬂf ﬁjl with e xljylj W s

for Ao yij = hij ;

3.5 ERemark. 'hese are the same as Lhe Deirce relations for

associative algebras EXCEPT FOR (3.4). Thus: A PRODUCT xijykﬁ
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FROM THC PETRIE SPACLES ﬂij’ A, IE ZERO UHLESS THE INDICES

k} OR ELSE THE PEIRCE SPACES ARE THE SAME

ARE LINKED (3]

Note thal Lhe diagonal Pelirce spacss Aoy ﬁll.-*-;ﬂ_ are
subalgcbhras. These will bhe called Pzlrce Euhﬁljﬁhris , and

will play z large role in our worlk.

1t is important <o know Jjust how closz the Peirceo spaces

are Lo being assaciative,

3.6 (Peirce Assaciativity Relations) An associator
[xij'FkP'zmw] invalving Peirce spaces vanishes unless at
leasl Lwo elements Fall in the samne Psirce space and at

mast two distinct indices occocur. The only nonvanishing

assceciators are (up to permutation) of the form

[, 7% Z..l [Kijffijfx"l

¢t S S L T 1]
1 : g 1 = nr i ¥
(3.7} [klj’xijrz1i] inj'fij’zjjj {5 unruly associalors)
S 7 T
R 0 I 1L

for i # Jj. Thus any three dislincl Peirce spaces

assoclate. We have further formulas involving 3 factors



(3-8)

IB-IaWE}J

(3.9)

(3.10)

¥ o = N B = e, P e
Xii{}jizjl‘ ( i | 11'231 l]l"zjlxlly
(Slipping Fommlas)
Vo, . = e ARt U I e CHEL B
Wya23ad%y5 = (r5y¥550e55 = vy, Gegy200)
:{ij {Fijzij] = “'rijnzij}:Lj} = Zij {xijvijj
(Permuting Formilas)
r " . . - b |.|-.. i = . = |I'I 1w
{Kij}ij!zlj tfl]dljjxl] I[Zl:l}gl:l’yij
e pps o] bt VB o= m. (3. vl )
ig02g50734] Byg¥agdegy = By epyy )

and inwvelving 4 facters

e
3.11)

(3-13}

3.14 Remark,

is that an Kii

(in the s=nse
=
1]

@nt e
iz xll

or the back of an a.
J

Or X,

7
_;

(Diagonal Commutativilby)

(2w, ) [ 40551 = 0
[xiir}-'._],z i-iwji] = 0 {Diagoa?.aT Associativily)

(%i4r¥i50255]w;5 = 0
(Diagena] Asscoiativity)

3il#%i3r¥54502;51 = 0

The way to remember f(he Slipping TFTormulas (3.8

or leaps in wherever it can atlachk IksElE

AP
JJ
that X5 the front of

can atbach itscelf o an

These describe how a diagonal ele-

1'.)'

slips inside a product of off-diagenal elemonts.
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The way to remenbor the Permuting Formula (3.9) is thas
a producl of 3 factors fram an o 18 dnvariant under eyclic
perrmutations.

The Diagonal Commutalivity Formula (3.11) says that com-

mutators of diagonal clemenls %311 Aij'

The Diagonal Associativity Formulas {3.13) and (3.12) say
azsociators of diagonal elements kill Aij' and associators of

ey T r : " - S ot R X
diaganal elements invalving ﬂijﬂji are zero (i.e. that hijhﬁl

falls in the nuclecuz of hLL}.

1 = 0 and the

Tha associativity condilion [xii,v, .

g
RIS
fact that e.z.. = z.. means the map x..

3 S B 1] ]

= T (restricted
1 =

ii
te A..) i2 a unital homonorphism (= associative specialization)

Ll
of A;, in End hij' called the Peirce specialization of 2. . on

i 31 B

A (Similarly x.. — B leads to a Pewce entispecialization

ij” ii :
id

of &.. cn A,.).
it Ji
Insight into these relalions is gained by sceing what Lhey
reduce to in a split Caylevy algebra. For example, from the
(E.. G:__ = {E.., and
17 ji ii

G:ii = de. is a commutative aszsociative field fas hinted in
ke

e Ly = 2 e
ITules T.1.15 we sco G‘jij = 'I'j_i_’

(3.11)-(3.13))- (3.%8) is rcflccted in the cyclic multiplica-

(1) . _(i+1) (i+2)

tiun rulss for €15 [Eli €1y I

Only the Peircec Orthogonality Relations appear freguently
enough thal vou should momorize Lhem; (or the Peirce Associao-—
Eivity Relations jusl be awars of their existence and where to

look them up. e}
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I 1 i ' i .1
PM{J'F ot “the PE{:"C'E:. Ori‘hoﬁanﬁ.ﬂ-{y amnd. Assscm.-hm{'y Relations.
Trivially Dl,"‘,ﬁn gonerale an associative subalgehra B
(B §'¢=E--- B &), and any % € A bclongs to the nucleizer of

B since [e, ,c],xj = 0 by orthagonality. 'Thus by Lhe Throw-in-

~Hucleizer Lemme I1.3.8, B and x and 1 gencrate an zssoclative
subalgebra ¢ of A containing Epre TR and x (hence also
the components %.. = e.xe. of 2y,
ij 177
Sunpose we take arbitrary e p R oy % from diss inct
e L | L) mn e
Peirce spaces. Then the elemen: x = Xaa F x + ¥ has
BB kn mon
Peirce components Brecisely x,J, Hki' xmn sa they bolong to
¥y ox. :

an associative subalgebra C. In particular, their associator

vanishes: any aszcciator [H PP+ I involving distinect
_f

wr =
ko mn
Peirce comporents is zerao.
From this we can immediately deduce the "2=laws": For
(3-2) with 1 # ] or j # k the clements Hiao ij heleng to

.

distinclk Peirce s Spaces, hence fall in an assceiative s=ubalgochra

C containing Si0 S hence Xy iy? JLLE 3 ]k KC: ﬂjk by the
asscciative Peirvce relations {or directly Ylj? = eixij?jkek =
eiﬂek = Aik by associativity). (I i = J =k we argue diffpr-
antly: Xig¥iq = (Dixii}‘yiiei} = wifxiiyjije. (= Ags by middle
Moufang.) For (3.3), xjj Yoog C for j # k by the Peirce re-
lations in C except for the case x. 1}iJ of a repealted Peirce
space, since two different xij' Yij can't be componcnts of a
single slement x (note we can at least concluds x?. = 0 if

i# 9%, (For (3.4) we argue differcntly: ej{x--?. ;o=



~ Je.;x, ¥, o] = [x, e, ] = L., Since a.x. . = ey,
[ _._IIJ J-:Ir}l-._lj [ l_']f&'!’}ljl b :I_';.-"_LJ 1nce L'le] &]F.I]
il LB, = X%, ., and simd v . ¢ T
0, kj] ] wlj, and similarly ‘xijylj}kl ;11 )

We have already s=en the conly nonzerc associators have the

Lorm [, /¥ 330%,¢] ©F [x o0y, .02 ,] (involving a repsaled

195 195 e
Pgirce space). FEven these vanish if three of the indices

i,3,k, & are distinckt: for example, if k # i then [x

0 sinoe Aiizki = 0 hy the 2-laws, and if k # i,7 [Eij’yijlzkij

= if =8 - - = = 0, Aually i L usa [, .oV
0 since Aszkg JL g Gy dually if L # 1 u % ’f11’zkﬁ]

[z 2Ry Vii] and if £ # i, j use [x,..,y ] = [=z g ¥

PR 4 a
i g (el l"*11

This leaves only the possibililies [xij’Eii'ziiJ’ [Hij'yij’%kiT

for o g cither ﬁii’zﬁﬁ'ZiJ*zji' Theoe arce the 5 Unruly Asso-
in e L i ,.,__,

ciators of {3.7).

When we turn to the 2-laws and d-laws we cannol avail our-
selves of associalivity, since these laws all involve repeated
Peirce spaces.

For (3.8} ws have xll{ jizji} = - intxiizji} ¥ fxiiﬂyji}EjL

= {y]l 11}zj1 Ly T'eirce crthogonality, and by skew-symmetry

in (2.4) K {_}‘r—l.! J'IJ = = HJ_J_I:E]J_'?_]_'L:I = = ‘z]ixll}};jl B

+ oy > : 3 o) is Di wutativity (3.11) fe W
t }jifzjikii}' From this Diagonal Commubtativity (3.11) foellows

via the HIDING TRICK: (x.:v:.Jlziws.y) = x, :d{y.ilasiwes)} =

Siwilarly Diagonal Associativiiy (3.12) follows from & sort

1z, w,.) = {(=x. Vg TwW.. = .. (¥

of HIDIMNG: EK 'l_l ;B ol 11 :LL 3 J1 i 1J_ZJ_]J

ii¥

L
= 1r41{fll thrjj} = Xii{?iijzjﬁqu}? by FPeirce aessociativiocy.

1.

Yobw .

¥



Alternatesly Ror e g5l saWi o] o= I, -
* [ lllfllf lJ ]l L lerlln

T.aZ2. . T A, L) = [x. . i cu s L,

31254 € &Jj} [ﬁll"ll’zljj s4 + lyllrj

bumping) = 0.

For the other Diaganal A

can again use a ¥IDI TRICE: LA e e e S Y S Y (P
% lse a HIDING THICE _fxllyT]JJll}ij chll_ll}f#llﬁlj}
= oEaoa iy 0B, Fe L e B e T e = ce l¥WL LB L) fw, . More
?L{:ll{ 1¢”11J} 4 ‘ledll}quf {xlliyllzll}Jﬁl? Hore
eloegantly, note Xgy Lx.- is & homemorphism of ﬂii inlke the
ii
assacigtkivse algebra Ena ﬂi., Lx = Lx o v ﬂiﬁ' s oall
' E ii¥i4 i1 Y :
asacciators lic in *he karnel, Ty B, = 0.
152 e¥,00m, 017717
I L 10 s ¥
Instecad of (3.9) we have the shronger
(3.15 s, . sardia) = xmos{y.iw,.) and glx, . Voo piBcanl =
) l l]lyl]' _]j ljﬁYLJ lJJ H{ lj' is ljj
Clearly r{xijyij}24 are alternating functions of theoir variables.

(middle

sseciativity formula (3.13) we

vanishes if .. = y.. o v.. = z.. since v =, g
iz i 17 ij i
by lincarigzation also f{xij,yij,xjj} = - f[yij’xij'xij} = 0.
For (3.10) observe rxij'zji’yi*} = - [xij'yij'zji: = = {xijujjjzji
(sinoe xij fyj.jzji_l (= xjjﬁii = 0}, and duzally. 3]

As an immediate conseguonce we ablain

condition.

3.16 (Peirce ASSociativity Criterion)

il
44

each ﬁii iz associativs and i

g

will be asszociative if Rii ey

a uscelul associativity

i8 associabive iff
T #F 3.

winlc

Here

ey

for L .
113

ancl



2 . ; ; gr ne e
Hij W1ll wanish if A, . = & for scme k £ i,7.

ij il ki

Proopf. Certainly the two conditicns nre necessary. They

arc sufficient since they guarantes the five unruly associators

(3.7) wanish: [Kii’yiiziij = 0 if ﬁii 1s assccliative, and
. 2

r = I - ~ 7 == = =Y S 1o
ixiﬁ'kij'ﬁ] 0 because 255 0 meanz ﬂijajkc: A, and
0 if j # k so that all nonzero products must have

f'aijf"_kil =

linked indices,

assoclates with Ay by (3.12), when A..A.. = A,

Since hijﬂji 1i%34 i3
the algebra A, . is associative., When A.. = A.. A . thern
e B 10 1K kK3
2
Ao, = R R T R S - S — 51 s throo =i o
i ﬂ1jiﬁlkfkjj [ﬁl]AlK} d 0 sinece all zhree Peiroe

Spaces are distinct if 1,5, k #£. Eﬁ

e also have a useful condition for nuelearity,

n-1
3.17 [Peirce Nuclearily Conditien) 1f A = @ A.. is the
1,3=0 -
Pelirce dscomposilian of A relative to D1,"'.ﬁr 1 then for
-

digtinct indices i,j,k #

(3.18) Rig By ©HR)

< i ey B i ; N .
f3 lg:l' P‘J.:I ijlﬁ ilk A]{lc \.I:.:]

Proof. %o prove [ﬂijhjk,ﬂ,ﬁ] = 0 it suffices to prove

Ihijﬁjk'ﬂpq’hrsl = 0 for Peirce spaces. The only unruly asso-
it = involw) J . A heir indices [p,o,r.s
ciataers involiving ﬂijljk{: By have all their indices lp,g,r,s)
C {i,%}; but relative to & = = ey finn A i g; Or e, doesn't

exdisty lie. 1f L or k ig 0) £He fodk thas J # 1, k means



o Am{:—;-} Doy lel & L'{ﬂl_,_(e}l - ‘m‘-EAi_- + Ayt

+ A

A, LA .
4373 A T Ry

by the assoclativity conditiorn {3.12) and the Cellection

Formula (2.3}. Thus ., dssceliates wilh Peirce spaces

AL
®13%5x

involving cnly the indices i and k.

Similarly, we need cnly prove Ai;ﬂjifﬁ Ai“APi azsocliatos
AL EY '.-
with Feirce aspaces ﬂP#, A . dnvolving indices i1 and &,  1If
e £ om
i = & this follows from {3.12), hijhjic: H{ﬁiijr while if

L # i then becanse i, j, k are distinct o must differ from

7 er k, say & # 4. But thern relative to e = e, B, we have

=L}

v 1 B

associales with Peirce spaces

+ A +

H

: Ao [eyi s b T ) Wi
8138916 Pypleldg (el @ MRy, (o)) = Niay; + 2y,

By (3.12) again, so AL L A..
13 i
involving only indices i and & for 2 £ i. ER

Less useful than the way Lhe Peirce spaces mulliply iz the

way they interact with U-operators.

3.20 (Peirce U-Relations) Ezch Peirce space Hij is a quad-

ratic ideal, and the guadratic multipliecaticn is given by

- " - y
ChEl T By, Bg By
173
lI-Iaws
(3.22) UA.. ﬁkﬂ =0 1f k # 7 or § # i
1]
Froof. XIach ﬂiﬁ = cihej is & yguadratic ideal since any
w(Ay) is. From the Fundamenlal Formulas U, = U, (5., (.0 B
i] Bt By
Lo YUy o Ry =L IR U L IR, = ByqUp 8.5 = 0 we see U =
i: T4ty e ST R e I Hyy

o ﬁkﬂ if (k,%) # {j,i), and le Lakes Eji = L,. () into ﬁiﬁ =
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hlternately, we can use the 2-lawe: ¥, ly.,x. ) €A A CA

Sl g 13737
while il 2 # 1 then x.. (v, %..) = 0 since Y. X:. = 0 unless
i3 k19 A 1]
(k,2) = (i,3), in which cass xijtyijxij} = 0 by altarnating

nature of (3.15). B

An chservation which will prove useful later on is that

if x,. 15 nonlrivial it must connect um wilh ﬁji'

1]
3-23 (Peirece Triviality Condition) Tf Rijaji = 0 or
= e A i trivi artic i
&jihij 0 then xij € By i8 trivial. In particular,
if a.. = 0 then all slemenis of A.. and A.. are trivial
11 1] J1

Prool ., Uw A=10 A., = u =0 if X,:A:;. = 0 or

Mg
Pl

1 r



= Yo

V1., 3 Euxsrcisecs

I Chapter T ve sav that if Az = 0 forces 7 = 0, then

any right unit is also a lefl unit. Show how this also
follows lmmediately [rom the Peirce relalions.

In 1.7.9 we saw that any bimodule for a unilal alyebrs
decomposes into a trivial module, a unital left module.
a unital right medule, and a unizzl bimedule. Show how
this fellows from the Peiree relations.

Though they are not as useful as the formulas for Lhe

U, prove the following formulas for tha [
» ? ¥

(11} U, ) n 0 unless (&,m) is (k,i) or (j.i),

1]'hik im
8] Hiaw = Bogdsaon B K {1 # k)
xlj’xik Ji il 3i7ik ik
(2) u Dg = 0 unless (&E,m) is (i,k) or (i,d),
Kﬁi’xkl Lm
U ;. = K . @.. %.. EA . {§F Kk}
xki'xji 1] £ IR - T T 1
{3} Ux..,x Amn = 0 unless (m,n) is {(j.k) or (&,1),
L] ki
u - ajk = X|jajFXkE € Aip (i # ke ; 7 # k:2)
1377k
(4] Ux..,x.. Aﬁm = Grunless: [om) 38 (4,9, 3.1).
iy e

(1,3) or {i,i),
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Lx - 2., = Xi a.;x%1 = ﬂ11, WK x a.y
ljr i3 32 2 T B ijrdji
i R T R i T
13453 JL} € ji

if afj as usual dernoles an element of Lhse Dairoes EpRECS

A.. (1 # j) show

13
(1) [ lj{¥11r1j1'wld - wii{tyszlJ]:;j' = [xijay|] Ij,vlJ[
BT L
[2) 1[}13 i xij}w.. -y {hl][Y_J lj}} = [x'ﬂa;ijzij' ]i]
= D ge¥yg02541 0 AL S IS ERR ST

Show (1) = (2} = 0 in asscciative or Cavlsy algebras, or
whenever &4 has no 2-torsion hut has 2 sealar involution

with ﬁ? e Ej' Do these always vanish?

Show ¥..oy..2.. lies in the center of & = A.. + A + A -
0 T R S R .

1ff (1) = (2) = 0 in 4#4.

Conclude from 3,16 Lhab A is associzbive iT &, .A., = AL
ity [l ii
5

and ﬂIi = 0 for all i.# j.

Shaw i R gclear 1 Pl ey ol i ey =

how that 71] = Al] g5 nuclesar iff ?1jauj 13”1] 4]

P T ; o e ar i y ! Al

(L # 4}, and zjitﬁ By ois naclear iff Z54 = Ntnii} and
<R~ S R . ,

ziiﬂji = ﬂijéii =4 Ffor all 5.5 'Y,



5 S B

3.8 Deduce from 3.7 that A,  A. (A ¢ U - N 7y .
18T ﬁ]j JkC::N.iJ and Hlj ]lfﬁ “ikﬁkl 0,

H{A)] if 4.3,k #.
2 2

. . ‘ ; ; 2 2
L i et el | = e o P - =t A - F - —
3-9 S_h.':'h‘-l --l-l 15 I‘.Iu",'.'l._.u..l _.fl Li 18 aS5500C1aillvi d_ld _-llcl F‘Dl
3.10 BShew that if Ay 1z simple with unit e and A # 0 or
ﬂﬂ‘ 7 0 Lhen Al is assogiative, If alsc ﬁfﬁ # 0 or
ﬂgl # 0 show hll iz a (commutative, associalive) [lield,
4.ll Prove the Interconnected Associativity Criterion: If the
hi
components of a Peirce decomposition B = o for
C1,.3=0
no* 3 salisly
(1) AJ_J_ = A.‘L"]h]l (1 # i)
=5 = A 4 | =
then A is associative.
3.12 stablish the additiaonal 4-~laws
{ A - - i 1’ = . " - i i - -| 1 - a ‘.. = : " i -
x1i{FlJLui]wl])' [xllylj]{zljwlj} yl] ‘fl1£1]]w1]]
= . . r W, . = r e i L
s 1j{yll lj}i 1”1’]1'""'_]WJ_J}“":I.J_}
{?1j{z_]wij} i
(Slipping Formalas)
- S S VT R Y pop, LET b TSP - SR
Ryg Ly 5%i50W5 g WigPag) ag T Ty g%y 50wy

0.
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VI. 3.1 Problem Set on Peirce Relations

Estaplish the Peirce relations without recourse teo any

Arbtin~-type theorems,

Jia = A, A, \ K ifwi R i A = o N

Show 3 jk:: ﬂLk by verifving Eltxijfjk} Aljyjk
2. Show ﬂijﬁkl =0 if j # k unless i =k, § = &.

) By Poveriiving e (. ov, L) o= w. vl . show
3.  Sheow ﬂijljj o Hjl by verifying o](wljyljj 1tjle, sho
<

.. = 0,

1]

Shew i : = 1 1 £ § i 2, et e,
4. Show [Kii’yll'?jk] 0 if § # i or k # i Deduce 1313 ¥ige kil

=0 3if k# i, jor 2 #i,]. Comclude that the only possible
nonzera associalors involving two terms From the ssme
Peirce space are our Unruly 5.

]

5.  Show thal when all Lerms are from distinet spaces, [x..,v .,
137k mn

= 0 unless we have at least one link § = k or L = . Deducs

it wvanishes unless we have twa links J =k, L =m. Conclude

it vanishes unless i = § = k = & = mq - n, concradicting

dizstincincss.

We ¢an also sstaklish (he Peiree relations from Ehe ordinary
Artin's Theorem (any two eloments venarats an associaltive sub-

algebral,

6, If 1"ty are crthogonal idempotents and yij & qij let
= ALE, S i R | A = O[3 - 2 7 LR

x Z 150 ¥ 13443 L0 nﬂr L1 -["l-].r o ".'I.'.I.r""].-:! k& Ir]lln!"-_]
for A,, A n + n indeterminates. I'rom associativity of

L g
#[x,¥] deduce that any associator involving clements Fij

from distinet Peirce spaces is associal iwve. {Show
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I

Wowshoiyos € $[x,y] for w, =1, A=) ALso dedne
By ]‘#1 l ; ]J] A1S0 deduee

i385 © 245 lunless i = § = x) and A A =0if ] #Kk

(unless i =k, § = L),
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3.2 Problem Set an Proper Hilpotence with Peirce Decompositions

=

Far am

P

N o= x4 + Xlﬂ + Kﬂl + Kﬂﬂ and aii G ﬁii (relative

to an idempotent e) prove
F higd I
Ay o.M = B : OO oo Y o . O - Ry
( 5 L(ClL 11} d1¢} ( i e B g ( T

: G . i 21 = 2m-+1
elther by induclion or using ({(ax) My = Uaux"'UP”ra’ {ax]ﬁm a

= Uaux"'ﬂ_x-

For anv aij £ ﬂij (i # j) prove
(a..x}m+l = (a..x%,.)(a.. .=, M4 {a..¥.. m B & iy 4
17 ik [R5 ey R s 13731 k "iJ%j%

Recall that z &€ A is preperly nilpetent (abbrevialed PR,
if a2ll zx are nilpotenl (equivalently all xz are nilpotent,
in view of the v, ¥x-Lemma Zfor Nilpotence), Show that if
z 18 p.n. s0 are iks Peirce components ey using the
L - 3
¥y, ¥xr-lemma and x{yz), (xv)z-Lemmas. Show that if all
Ziy¥,y are nilpatent then gy is p.n., angd similarly for
if all Zi4%y; are nilpolent. Conclude the sel of p.n.
elements is N I W.. where N.. = {z.
e i A 5 15 Z;

El]

j

i < = Aijfzijﬂji is nil!,



